We study spaces of tilings, formed by tilings which are on a geodesic between two fixed tilings of the same domain (the distance is defined using local flips). We prove that each space of tilings is homeomorphic to an interval of tilings of a domain when flips are classically directed by height functions.
Introduction
In this paper, we study tilings of finite regions of the square lattice with dominoes (i.e. 2 × 1 rectangles). These tilings are of particular importance in theoretical physics, where a domino is seen as a dimer, a diatomic molecule (as the molecule of dihydrogen) and each tiling is a possible state of a solid, or a fluid.
Flips (i.e. local transformations involving only two tiles covering a 2 × 2 square) induce a dynamics on tilings which has a central role in tiling theory. Flips can be directed using height functions, introduced by Thurston [16] . A central result is that, given a hole-free domain D, the directed graph formed on tilings of D, where edges correspond to upwards flips, is the covering relation of a distributive lattice [2, 14] (we refer to [4] for lattice theory). Some extensions for figure with holes can be found in [12, 7] .
These structural results have some algorithmic applications. They are used by Luby et al. [11] , and Wilson [17] to obtain a rapidly mixing monotonic Markov process to sample tilings uniformly at random. Desreux and Rémila also use the structure to obtain listing algorithms [6, 8] .
In this note, we explore another way of directing flips: given a fixed tiling T 0 , flips are directed in such a way that the origin of the flip is closer to T 0 than the tail of the flip. Precisely, given another tiling T 1 such that T 0 and T 1 are linked by a sequence of (upwards and downwards) flips, we study the directed graph formed by tilings T such that
and edges are directed as indicated above. Our result is that the spaces of tilings obtained by this way are all isomorphic to intervals of spaces of tilings obtained previously, using upwards flips. Therefore, they inherit the same structural and algorithmic properties. We focus on spaces of dominos tilings, but a similar result can be obtained on lozenge (or calisson) tilings, in a parallel way. This is a classical paradigm: domino tilings and lozenge tilings have the same properties. Lozenge tilings are a particular case of the class of rhombus tilings. Those tilings are defined using two parameters: the dimension d of the Euclidean space, and the number n of vectors allowed for supporting the edges of rhombic tiles (we have n = 3 and d = 2 for what is usually called lozenge tilings). The complexity of the space of tilings seems to be directly linked to the codimension c = n − d. For c = 1, the space of tilings is a distributive lattice. For c = 2, the space of tilings of a fixed zonotopal domain is a graded poset, but the lattice structure is lost in the general case. Latapy [10] introduced a recursive approach of these tilings, by seeing a tiling using n + 1 vectors as a solution of a partition problem on a tiling using n vectors. For c 3, rhombic tilings remain very mysterious, even if some new methods have proved the structure of graded poset in some particular cases [1, 5] . The question of the connectivity of such spaces is still open in the general case, and even for the particular case when n = 6 and d = 3.
On the other hand, structures of distributive lattices also appear for bar tilings [9, 13] , which are a natural generalization of domino tilings, where the length of the largest side is a parameter m (for dominoes, we have m = 2). The connectivity of the space of tilings with two rectangles (using two kings of flips) has also been recently proved [15] , but no more is known about the structure of such spaces of tilings.
Tilings and flips
Let be the planar grid of the Euclidean plane A tiling T of a figure F is a set of dominoes included in F, with pairwise disjoint interiors (i.e. there is no overlap), such that the union of tiles of T equals F (i.e. there is no gap).
A local flip (see Fig. 1 ) is the replacement in T of the pair of dominoes which cover a 2 × 2 square by the other pair which can cover S. This definition of orientation is strongly related with the notion of height function encoding a tiling introduced by Thurston [16] following ideas from Conway [3] : each tiling T of a simply connected figure F is encoded by a function h T such that The notion of height function encoding domino tilings can be extended (with some technical difficulties) for tilings of any kind of finite figure F (see [7, 12] for details), in such a way that the link between change of height function and flip is preserved.
We say that T T if there exists a sequence (T 0 , T 1 , . . . , T p ) of tilings such that T 0 = T , T p = T and for each integer i such that 0 i < p, T i+1 is deduced from T i by an upwards flip. It immediately comes from the height functions that is a partial order.
Spaces of tilings
Our goal is to study the structure of spaces of tilings defined on geodesics between two connected tilings.
Definition 1. For each pair (T 0 , T 1 ) of tilings linked by flips, the space L (T 0 ,T 1 ) is the directed graph whose vertices are tilings T such that T is on a geodesic from T 0 to T 1 , and (T , T ) is a directed edge of L (T 0 ,T 1 ) if there exists a flip from T to T and T and T are consecutive on the same geodesic from
Our main result is the following: In order to prove this theorem, we first need more knowledge about geodesics.
Lemma 1. Let v be a vertex of V F , and g be a geodesic from T 0 to T 1 . Let us denote the number of downwards (respectively, upwards) flips done in v while following g by − (v, g) (respectively, + (v, g)).
We have:
Proof.
We first consider a geodesic between T 0 and T 1 . Each flip of such geodesic can be encoded by a pair (v, +) or (v, −), where v denotes the vertex where the flip is done, and the sign gives the spin of the flip (such a pair is said positive or negative according to its sign component). Thus, the geodesic can be encoded by a sequence g = ((v 1 , sgn 1 ), (v 2 , sgn 2 ) , . . . , (v p , sgn p )), where each sgn i is an element of {+, −}. Let i be an integer such that 1 i < p. If sgn i = + and sgn i+1 = −, then v i and v i+1 are not vertices of a common cell. Thus, the pairs (v i , +) and (v i+1 , −) can be permuted in g, in order to obtain another geodesic g . This proves that any permutation on pairs, respecting the original order on positive pairs and the original order on negative pairs, is a geodesic between T 0 and T 1 (see Fig. 2 ). So, for any pairs (v k , −) and (v k , +), there exists a geodesic where they are consecutive. Therefore v k = v k , since otherwise both pairs could be deleted, creating a shorter path between T 0 and T 1 . This implies that for all v of V F and for all geodesic
Now consider a vertex v of V F . In any geodesic, all the flips in v are in the same direction. So the total number of flips is exactly the one that transforms its height in T 0 into its height in T 1 in a monotonic way. So, this number does not depend on the geodesic (precisely, it is equal to Fig. 2 . Scheme of the proof for Lemma 1: if a geodesic g is in l(T 0 , T 1 ), one can deduce that there exists a "finite grid" in l(T 0 , T 1 ) such that T 0 and T 1 are opposite corners. We can now prove our theorem.
Proof of Theorem 1. Let F − (respectively, F + ) be the figure formed by cells a vertex of which is negative (respectively, positive). From Lemma 2, F − and F + have no common cell (Fig. 3) . Now take a vector w whose sum of components is odd and w is such that (F − + w) ∩ F + is empty. Let F be the figure defined by F = (F − + w) ∪ F + . There is a canonical bijection f can which associates a tiling of F to each tiling of L (T 0 ,T 1 ) : the tiling f can (T ) is obtained by translating the tiles of T which cover F − by w. We state T 0 = f can (T 0 ) and T 1 = f can (T 1 ). The isomorphism f can clearly defines a bijection that associates to each geodesic from T 0 to T 1 a geodesic from T 0 to T 1 . Since the sum of components of w is odd, f can transforms any downwards flip into an upwards flip, keeping unchanged upwards flips. Therefore, T 0 T 1 and f can is an order isomorphism from L (T 0 ,T 1 ) to L (T 0 ,T 1 ) .
We know from previous results about absolute orientation [7, 12] that L (T 0 ,T 1 ) is the covering relation of a distributive lattice, thus the same result holds for L (T 0 ,T 1 ) .
